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We analyze the process of photon-pair generation via spontaneous parametric down-conversion in
a quadratic nonlinear asymmetric waveguide coupler. The two waveguides have different geometry,
such that light coupling only occurs within a narrow bandwidth of one of the generated (signal)
photon modes, while the other (idler) photon together with the pump stay localized in one (driven)
arm of the coupler. We demonstrate that such a setup represents a powerful and flexible tool for
engineering spectral properties of generated photon pairs. Mode hybridization and dispersion of
coupling can be utilized for shifting the balance between group velocities of interacting pump, signal
and idler fields, subsequently leading to a significant increase of spectral factorisability (purity) of
photons. We also show that for interaction lengths shorter than one beat length, generated pairs
with signal photon being localized in the auxiliary (not pumped) arm of the coupler appear to be
spectrally localized in both signal and idler components. The bandwidth of such intrinsic filtering
of generated photons can be controlled by several geometrical parameters.
I. INTRODUCTION
Photons are lauded as one of the few quantum sys-
tems able to maintain their coherence at room tempera-
ture, making them an ideal candidate for quantum tech-
nologies [1–3]. A considerable progress in establishing
such schemes on integrated optics platforms have been
achieved in the past decade [4–8].
Optical waveguide couplers and arrays are important
elements of classical and quantum optical circuits. Pho-
ton ”hopping” between adjacent waveguides represents
an important degree of freedom, that has been exploited
e.g. for multi-photon path entanglement [9], development
of quantum logic gates [4, 7, 10], and quantum walks
[11]. Furthermore, by utilising intrinsic quadratic (χ2)
or Kerr (χ3) nonlinearities of the waveguide, one can in-
tegrate heralded single photon sources based on Sponta-
neous Parametric Down-Conversion (SPDC) [12, 13] or
Spontaneous Four-Wave Mixing (SFWM) [6, 14, 15], re-
spectively, into a circuit. Development of such on-chip
integrated single-photon sources has attracted much at-
tention recently. In particular, integration of sources with
waveguide arrays [16] has led to the establishment of the
concept of driven quantum walks [17] and a promising
platform for on-chip generation of path-entangled pho-
ton states [18]. All-optical control of the output quantum
state and photon pair steering has been recently demon-
strated in a quadratic nonlinear waveguide coupler [19].
Most studies hitherto have been focused on photon
pair generation in couplers and arrays of identical waveg-
uides. In such systems generated signal and idler photons
are simultaneously free to walk across the array. In this
work, we consider the SPDC-driven photon-pair gener-
ation process in an asymmetric waveguide coupler with
two adjacent waveguides of different geometries. While
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FIG. 1. (Color online) A scheme of SPDC in an assymet-
ric coupler: pump and idler remain confined in the driven
(D) waveguide, signal photon can couple to the auxiliary (A)
waveguide.
two dissimilar waveguides will generally have different
sets of modes, photon ”hopping” will be effectively sup-
pressed except at specific wavelengths where matching
of propagation constants of a pair of modes is engi-
neered. Particularly, we consider a setup where a bright
light pump and one of the generated photons (idler) re-
main confined within the driven waveguide (D), while the
other photon (signal) can couple to the adjacent auxiliary
waveguide (A), see Fig. 1.
We discuss two different applications of such a setup as
a source of heralded single photons: whereby the herald-
ing is done by detecting either idler photon in waveguide
D, or signal photon in waveguide A. In the former case,
mode hybridization and dispersion of coupling can be
utilized for local adjustments of the signal photon disper-
sion, without affecting properties of the pump and idler
2fields. Such flexibility is crucial for controlling spectral
factorisability of generated photon pairs. In the latter
case, spectrally local coupling combined with a specific
interference of the two signal modes can lead to a pro-
nounced modification of the joint spectral properties of
generated photon pairs and intrinsic spectral filtering.
II. TWO-PHOTON STATE FUNCTION
In SPDC process a photon from bright pump (ωp) is
spontaneously converted into a pair of signal and idler
photons, such that ωp = ωs + ωi. Hereafter we assume
that the pump and idler fields are excited in waveguide D
modes only (modes p and i, respectively), while the signal
photon can be excited in two hybridized modes of the
coupler, s1 and s2, see Fig. 2. This process can thus be
described by the following interaction Hamiltonian [24]:
HI(z) =
∫∫
dωidωs
{
Ap(ωs + ωi, z)aˆ
†
i,H(ωi, z)×[
γs1aˆ
†
s1,H(ωs, z) + γs2aˆ
†
s2,H(ωs, z)
]}
+ h.c.(1)
where Ap(ω, z) = α(ω)e
iβp(ω)z is pump field, its spectral
content is described by the pump function α(ω), βp,s1,s2,i
are propagation constant of the modes, aˆj (aˆ
†
j) are pho-
ton annihilation (creation) operators in the jth mode of
the structure, j = s1, s2, i, signal and idler modes prop-
agation is encapsulated in z-dependence of the operators
aˆj,H(ω, z) = aˆj(ω)e
iβjz, aˆ†j,H(ω, z) = aˆ
†
j(ω)e
−iβjz, coeffi-
cients γs1,s2 are determined by the overlap integrals of the
corresponding interacting modes (p, s1, i) and (p, s2, i),
respectively [21].
Setting vacuum state as the initial condition, and as-
suming sufficiently weak nonlinearity, the state vector
can be approximated as [25–27]:
|ψ(z)〉 = e−i
∫
z
0
HˆI (z
′)dz′ |vac〉
≈
[
1− i
∫ z
0
HˆI(z
′)dz′
]
|vac〉 = |vac〉+ |ψ2〉 . (2)
In the above expansion, the two-photon state function
|ψ2〉 emerges as the first non-trivial term:
|ψ2(z)〉 =
∫∫
dωsdωi {α(ωs + ωi) |ωi〉×
×
∑
m
Φm(ωs, ωi, z) |ωs,m〉}.
(3)
Here the summation is performed over the signal
hybridized modes m = (s1, s2), |ωs, (s1, s2)〉 =
aˆ†(s1,s2)(ωs) |vac〉, |ωi〉 = aˆ†i (ωi) |vac〉 are single photon
states in the signal and idler modes at the respective fre-
quencies, and the phase-matching functions are:
Φm(ωs, ωi, z) = −i
∫ z
0
γm e
i∆βmz
′
dz′
= −iz γm e
i∆βmz
2 sinc
(
∆βmz
2
)
, (4)
∆βm(ωs, ωi) = βp(ωs + ωi)− βm(ωs)− βi(ωi) . (5)
It is instructive to consider the two-photon state in the
basis of modes of individual waveguides D and A. Mode
hybridization of the coupler can be effectively described
by a generic two-level system model (see Appendix A for
more detail). The change of basis can be represented by
a unitary transformation:
[
aˆD(ω, z)
aˆA(ω, z)
]
= eiβ0zTˆ
[
eiΛzaˆs1(ω, 0)
e−iΛzaˆs2(ω, 0)
]
, (6)
Tˆ =
1√
2Λ
[√
Λ + Γ
√
Λ− Γ√
Λ− Γ −√Λ + Γ
]
, (7)
where β0 = (βs1 + βs2)/2, Λ = (βs1 − βs2)/2, Γ = (βD −
βA)/2, and βD,A are propagation constants of the signal
modes in isolated D and A waveguides, see Fig. 3(a).
In the basis of modes of individual waveguides D and
A, the two-photon state will have the same functional
form as in Eq. (3), where the summation is now per-
formed over the modes m = A,D, and the corresponding
phase-matching functions are given by:
ΦD =
[√
Λ + Γ
2Λ
eiΛzΦs1 +
√
Λ− Γ
2Λ
e−iΛzΦs2
]
, (8)
ΦA =
[√
Λ− Γ
2Λ
eiΛzΦs1 −
√
Λ + Γ
2Λ
e−iΛzΦs2
]
. (9)
We note that the coupling coefficient in the two-level
model C =
√
Λ2 − Γ2 generally increases with wave-
length, due to the increasing overlap of evanescent fields
of the modes of individual waveguides. However this
only affects the beat length between the two super-modes
Lc = π/C, while the fraction of power being transferred
between the two waveguides over one period (coupling
efficiency):
ηc = 1− Γ
2
Λ2
, (10)
(see Appendix A for details). In an asymmetric coupler,
the coupling efficiency reaches its maximum value of 1 at
the wavelength of anti-crossing (where Γ = 0), and de-
cays away from this point (as Γ/Λ→ ±1, note also that
Γ has opposite signs on either side of the anti-crossing
point), see Fig. 3. As the result, phase matching func-
tions ΦD and ΦA asymptotically converge to either Φs1 or
Φs2 (with a constant pre-factor (1/
√
2)e±iΛz) away from
the hybridization region. However, in a vicinity of the
anti-crossing, interference between Φs1 and Φs2 terms in
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FIG. 2. (Color online) Example asymmetric coupler structures. P , I , S1 and S2 mode profiles (dominant electric field
component) in: (a) a hybrid microfibre-lithium niobate (LN) waveguide [20–22] (a microfibre of diameter D = 1.44µm ontop
of a 510nm × 300nm LN waveguide, waveguide D ) adjacent to a suspended 635nm × 300nm LN waveguide (waveguide
A), edge-to-edge separation 620nm, λp = 0.72µm, λi = 1.34µm, λs = 1.55µm; (b) 1200nm × 460nm (waveguide D) and
2650nm × 460nm (waveguide A) LN ridge waveguides [8, 23], edge-to-edge separation 750nm, LN film thickness 100nm,
λp = 775nm, λi = 1400nm, λs = 1735nm. In both examples S1 and S2 supermodes can be considered as in-phase and
anti-phase super-positions of modes of individual waveguides D and A.
Eqs. (8), (9) creates the important difference in proper-
ties of two-photon states when measured in (s1, s2) and
(D,A) bases.
III. SPECTRAL PURITY ENHANCEMENT BY
MODE HYBRIDIZATION
Photon pairs generated by SPDC will generally emerge
with a pronounced spectral anti-correlation. This entan-
glement, however is not always a favourable property of
photon-pair states. In particular, for the development of
SPDC-based single photon sources, whereby generation
of a signal photon is heralded by detection of its idler
”partner”, factorable states are most useful because the
heralded photon remains in a pure quantum state [28].
As follows from Eq. (3), the correlated quantum state
in a particular combination of signal and idler modes is
characterized by the joint spectral amplitude (JSA):
fm(ωs, ωi) = α(ωs + ωi)Φm(ωs, ωi) , (11)
which is the product of pump and phase matching func-
tions. Factorisability of the signal-idler states can be
characterised by the spectral purity P = Tr(ρ2i ), where
ρi = Tri(|ψ2〉 〈ψ2|) is the reduced density matrix ob-
tained by partial trace over the idler degrees of free-
dom [29]. It can be calculated from the expansion co-
efficients of JSA function into the weighted sum of sep-
arable functions (Schmidt decomposition) f(ωs, ωi =∑
k
√
bkuk(ωs)vk(ωi): P =
∑
b2k/(
∑
bk)
2, 0 ≤ P ≤ 1
with P = 1 corresponding to a pure heralded photon
state [30, 31]. The intrinsic anti-correlation dictated by
the energy conservation principle ωi = ωp − ωs, embed-
ded in the pump spectral function α(ωs + ωi), can be
compensated by a properly tuned phase-matching func-
tion Φ. Expanding Φ in a vicinity of a phase-matching
point ∆β(ωs0, ωi0) = 0 leads to:
Φ ∼ sinc
[
(β′p − β′s)δsz + (β′p − β′i)δiz
2
]
, (12)
where δs,i = ωs,i − ωs0,i0, β′j = ∂βj/∂ωj(ωj0) are inverse
group velocities of the pump, signal and idler at the phase
matching point ωp0 = ωs0 + ωi0. A positive correlation
in Φ can be achieved when:
1− (β′s/β′p)
1− (β′i/β′p)
< 0 , (13)
in other words when the inverse group velocities are re-
lated to each other as β′i < β
′
p < β
′
s [32]. However, this
is not often possible to achieve in simple waveguide ge-
ometries with only few geometrical parameters (such as
waveguide width and height) available for dispersion en-
gineering.
The addition of an auxiliary waveguide (A) represents
a powerful yet relatively simple method of local manipu-
lation of the signal mode dispersion, while keeping pump
and idler practically unaffected. Mode hybridization be-
tween the two waveguides induces strong variation of β′s,
controllable by the auxiliary waveguide dispersion in the
vicinity of signal frequency range βA(δs) ≈ βsA + β′sAδs,
the coupling coefficient C =
√
Λ2 − Γ2 (tuned by the
waveguide separation), and its dispersion [see Eq. (A3)
in the Appendix]:
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FIG. 3. (Color online) Mode hybridization in the example
structure as in Fig. 2(b): (a) propagation constants of iso-
lated waveguide D (dashed blue) and waveguide A (dashed
red) anti-cross in a vicinity of λs = 1735nm. The resulting
S1 and S2 super-modes are shown with solid curves. For clar-
ity of presentation, shifted propagation constants are plotted
β˜ = β − β0 − β1δ, where β1 = (β
′
D + β
′
A)/2 is the average
inverse group velocity of isolated waveguides D and A at the
wavelength of anti-crossing; (b) the coupling efficiency ηc and
coupling coefficient C calculated from the splitting of the two
modes (Λ and Γ parameters).
β′s1,s2 =
β′sD + β
′
sA
2
± (βsD − βsA) (β
′
sD − β′sA) + 4CC′
2
√
(βsD − βsA)2 + 4C2
(14)
Assuming that the modes in waveguides D and A are
matched at ωs0, βsD = βsA, the two main control pa-
rameters are auxiliary mode dispersion β′sA and coupling
dispersion C′. In Fig. 4 we illustrate how each of the two
parameters can be utilised to improve photon purity. In
our calculations we used a Gaussian pump function:
α(ω) = α0 exp
[
− (ω − ωp)
2
2σ2
]
, (15)
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FIG. 4. (Color online) JSA (absolute value) as function of
dimensionless frequency detunings ν = δ · (β′pL/pi) at a fixed
propagation distance L in an isolated waveguide D (a), waveg-
uide coupler with C ·L/pi = 2, C′ = 0 (b) and C′/β′p = −0.02
(c). The corresponding calculated purities are stated in the
top right corner of each picture. Disperson parameters of the
driven D and auxiliary A waveguides at the phase-matching
point ωs0 are: βsD = βsA, β
′
sD/β
′
p = 1.05, β
′
sA/β
′
p = 0.95,
β′i/β
′
p = 1.1. Energy and momentum conservation conditions
are indicated with solid and dashed lines, respectively.
where α0 is a scaling factor proportional to the pump
peak power (it does not affect calculations of purity),
pump central frequency ωp and spectral width σ were
adjusted in each geometry to maximize purity factor P .
For waveguide D we select β′sD = 1.05β
′
p and β
′
i =
1.1β′p, such that the condition in Eq. (13) is not met.
5The corresponding JSA function in Eq. (11) is shown in
Fig. 4(a). It displays a strong anti-correlation, and the
resulting purity is low: P ≈ 0.29. Adding an auxiliary
waveguide with β′sA = 0.95β
′
p, it is possible to boost the
purity by more than a factor of two for photon pairs gen-
erated in the S2 super-mode in the vicinity of the anti-
crossing, see Fig. 4(b). We emphasise that the efficiency
of photon-pair generation is determined by the ampli-
tude of a particular signal mode in the driven D waveg-
uide, where the pump is localized. Neglecting weak in-
teractions due to evanescent pump field in A waveguide,
nonlinear coefficients γ1,2 which determine efficiency of
photon pair generation in S1 and S2 signal supermodes,
respectively, can be approximated as:
γs1 =
√
Λ + Γ
2Λ
γ0 , γs2 =
√
Λ− Γ
2Λ
γ0 , (16)
where γ0 is the nonlinear coefficient in isolated D waveg-
uide. Thus compared to isolated D waveguide, the ef-
ficiency is reduced by a factor of ∼ √2 in S1 and S2
super-mode in a vicinity of the anti-crossing (where Γ
tends to zero). By tuning the pump central frequency
ωp, it is possible to arrange phase matching further away
from the anti-crossing, and increase the resulting purity
even further (i.e. where S1 or S2 super-modes converge
to the mode of isolated waveguide A), however at the
cost of a significantly lower efficiency (as Γ tends to ±Λ,
see Fig. 3).
Dispersion of coupling can also assist in boosting the
purity, as illustrated in Fig. 4(c). Generally, coupling is
stronger at larger wavelength due to stronger overlap of
evanescent fields, leading to C′ < 0. Therefore it de-
creases (increases) β′s for S1 (S2) super-mode, and shifts
the balance in Eq. (13).
IV. INTRINSIC SPECTRAL FILTERING OF
PHOTON PAIRS
In previous section it was assumed that heralding is
performed using idler photon, which is confined in the
driven D waveguide. Here we focus on a different setup
where the signal photon is used for heralding, and the
photon detector is connected to the auxiliary A waveg-
uide. Noteably the two cases are not symmetrical, since
the signal photon is generated in the S1 and S2 super-
modes of the structure. Therefore, unlike the idler pho-
ton, it is not confined to a particular waveguide. Perform-
ing detection in the waveguide A only, the signal photon
state is collapsed to a particular combination of the S1
and S2 super-modes. The process is best described in the
basis of individual waveguide modes.
Adopting the expressions for nonlinear coefficients in
Eq. (16), the phase-matching functions in Eqs. (8) and
(9) can be written as:
ΦD = −izγ0 1
2Λ
ei
∆β0z
2
[
(Λ + Γ)ei
Λz
2 sinc
(
(∆β0 − Λ)z
2
)
+ (Λ − Γ)e−iΛz2 sinc
(
(∆β0 + Λ)z
2
)]
, (17)
ΦA = −izγ0
√
ηc
2
ei
∆β0z
2
[
ei
Λz
2 sinc
(
(∆β0 − Λ)z
2
)
− e−iΛz2 sinc
(
(∆β0 + Λ)z
2
)]
, (18)
where ∆β0 = βp − βi − β0 with β0 defined earlier as the
average of the propagation constants of S1 and S2 super-
modes, ηc in the coupling efficiency defined in Eq. (10).
Tunnelling of generated signal photons to waveguide A is
only efficient within a narrow spectral range in a vicin-
ity of the anti-crossing. This is reflected in the over-
all pre-factor ηc of the phase-matching function ΦA, cf.
Fig. 3(b). Thus the corresponding photon pair states
will be bandwidth limited in the signal photon compo-
nent, with the bandwidth being entirely controlled by
the geometry only. Furthermore, at short propagation
distances the two sinc- functions in the expression for
ΦA will overlap spectrally. This interference can cause a
subsequent localization of the phase function ΦA in its
idler frequency argument. To illustrate this, in Fig. 5 we
plot ΦA as a function of Λz and ∆β0z with fixed Λ and Γ
(which corresponds to fixing a signal photon frequency).
At distances larger than the beat length of the two
supermodes, z > π/L, the phase function has two pro-
nounced peaks at ∆β0 − Λ = 0 (corresponding to phase
matching with S1 mode, ∆β1 = 0) and ∆β0 + Λ = 0
(S2 mode, ∆β2 = 0). In contrast, when z < π/L, ΦA
has a single peak at ∆β0 = 0. Its largest bandwidth
∆β0 ≈ π thus implicitly defines the bandwidth in idler
photon frequencies.
In Fig. 6 ΦD and ΦA are plotted as functions of dimen-
sionless signal and idler frequency detunings for propaga-
tion distances z = 0.5π/Λ (corresponding to one beating
length of the signal), z = π/Λ (two beating lengths) and
z = 1.5π/Λ (three beating lengths). ΦD reaches its max-
imum value away from the hybridization point νs = 0,
where it follows the phase matching condition of the iso-
lated D waveguide ∆βD = 0. In a vicinity of νs = 0,
where signal photon can couple to the adjacent waveg-
uide, ΦD is considerably suppressed and oscillates with z.
It is easy to see from the expression in Eq. (8), that at the
centre (νs = 0, νi = 0), i.e. at the point where ∆β0 = 0,
the phase function oscillates in z as: |ΦD|2 ∼ sin2(Λz).
In contrast, ΦA reaches its highest values in the vicinity
of the hybridization point νs = 0, where signal photon
6FIG. 5. (Color online) Phase function ΦA (absolute value)
as a function of Λz and ∆β0z with fixed values of Λ and Γ.
Dashed lines indicate asymptotes ∆β0 = 0,±Λ. For clarity of
illustration, the overall linear growth of ΦA with z is removed.
coupling to the adjacent waveguide A is most efficient.
Consistently with the analysis in Fig. 5, one can observe
a qualitative change in the structure of ΦA with increas-
ing propagation distance. At distances larger than two
beat lengths ΦA reaches its maximum along the phase
matching curves of the two signal supermodes ∆β1,2 = 0.
However at shorter distances, ΦA has a single peak at
νs = 0, νi = 0, as seen e.g. in Fig. 6 for z = 0.5π/Λ.
Therefore, in this regime, generated photon pairs with
the signal photon localized in the waveguide A appear to
be spectrally filtered in both signal and idler components.
We note that the phase-matching function ΦA is highly
factorisable at propagation distances below two beat
lengths, Λz/π < 1. In particular, the calculated Schmidt
decomposition of ΦA at z = π/(2Λ), top right plot in
Fig. 6, gives P = 0.58. At even shorter distances, this
value rises up to P = 0.76. Therefore with a broadband
pump function α(ω), the factorisability of such photon-
pair states is entirely dictated by properties of ΦA. With
no requirement to tune the bandwidth of pump function,
one can benefit from using high peak power ultra-short
pump pulses to develop high-purity single photon sources
with high photon count rates. At the same time, such
intrinsic filtering scheme does not suffer from heralding
efficiency degrading known for the standard post-filtering
scheme even with ideal filters [28].
While we used dimensionless frequency detunings ν
in the above plots, the actual bandwidth of the phase-
matching function is determined by several geometrical
factors: coupling parameter Λ (controlled by separation
between waveguides D and A), the ratio between interac-
tion length z and beating length (i.e. the overall size of
the device), dispersion of group velocity of the pump and
the bandwidth of the coupling (both controlled by the se-
lection of modes in waveguides D and A). The multitude
of degrees of freedom available for adjustments can be
useful for development of practical applications of such
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FIG. 6. Phase functions ΦD (left column) and ΦA (right
column) as functions of dimensionless frequency detunings
ν = δ · (β′pz/pi) at propagation distances z = 0.5pi/Λ (top
row), z = pi/Λ (middle row) and z = 1.5pi/Λ (bottom row).
Other parameters are the same as in Fig. 4(b).
setups for intrinsic spectral filtering of photon pairs.
V. SUMMARY
Introducing asymmetry in the conventional waveguide
coupler setup, we promote a new avenue in design of in-
tegrated SPDC-based sources of heralded single photons.
With two different arms of the coupler, it is possible to
generally suppress coupling except within specific narrow
spectral intervals where pairs of modes are engineered to
have matching propagation constants. Specifically, we
considered the case when a bright light pump and one of
the generated photons (idler) remain confined in one arm
of the coupler (driven waveguide), while the second pho-
ton (signal) can hop into the adjacent arm. We demon-
strate that such setup enables several degrees of freedom
for advanced manipulation of joint spectral properties of
generated photon pairs.
Mode hybridization strongly modifies dispersion of the
signal photon, which can be utilized for adjusting the
phase matching and shifting the balance between group
velocities of interacting waves. The latter is a crucial
parameter which affects joint spectral properties of gen-
erated photon pairs. As shown in this work, with the
7help of an auxiliary waveguide, the factorisability of
SPDC-produced two photon states can be significantly
improved. We note that alternative established tech-
niques to improve purity of heralded single photons rely
on either spectral filtering [28], or apodization of effective
interaction along the waveguide length [33]. The advan-
tages of our approach is that it does not affect heralding
efficiencies to the same damaging extent as in the case
of spectral filtering, and the setup is much simpler and
can be much more compact than in typical apodization
schemes.
We also demonstrate that interference of two super-
modes, in which signal photon is being generated in
SPDC process, combined with the pronounced dispersion
of coupling, can lead to localization of the joint spectral
function of the two-photon states in the 2D space of signal
and idler frequencies. In this regime of intrinsic spectral
filtering, highly factorisable states can be produced even
when using a broadband pump, which can be advanta-
geous for boosting count rates of such heralded single
photon sources.
While we focused our discussion on SPDC processes
driven by quadratic (χ2) optical nonlinearities, our ideas
can easily be transferred to similar spontaneous four-
wave mixing processes in χ3 structures.
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Appendix A: Hybridized modes in evanescent
coupling regime
The two alternative ways of looking at a waveguide
coupler represent two alternative measurement basis with
a unitary transformation to convert between them. In a
8coupled waveguide basis the operators evolve as coupled
harmonic oscillators:
− i d
dz
[
aˆD
aˆA
]
=
[
βD C
C βA
]
·
[
aˆD
aˆA
]
. (A1)
Where aˆD (aˆA) creates a signal frequency in the driven
(auxiliary) waveguide, βD and βA are the propagation
constants of the two waveguides at infinite separation and
C is the coupling constant determined by the evanescent
field overlap.
The transformation T maps these operators into the
diagonal super-modes basis:
T †
[
βs1 0
0 βs2
]
T =
[
βD C
C βA
]
, (A2)
where βs1,s2 are eigenvalues of (A1):
βs1,s2 =
βD + βA
2
±
√
(βD − βA)2
4
+ C2 . (A3)
Apparently, the coupled oscillator model in (A1) de-
scribes well dispersion of supermodes so long as the
splitting of propagation constants remains symmetrical
(evanescent coupling regime):
βs1,s2 = β0 ± Λ, (A4)
where β0 = (βA + βD)/2 = (βs1 + βs2)/2, Λ = (βs1 −
βs2)/2. Introducing Γ = (βD−βA)/2, C2 = Λ2−Γ2, the
normalized eigenvectors can be written as:
~xS1 =
1√
2Λ
[ √
Λ + Γ√
Λ − Γ
]
, (A5)
~xS2 =
1√
2Λ
[ √
Λ− Γ
−√Λ + Γ
]
, (A6)
from which the transformation matrix in Eq. (7) is ob-
tained.
For the input state in the waveguide D ~x(z = 0) =
[1, 0]T , the evolution is given by:
~x(z) =
eiβ0z
2Λ
[
(Λ + Γ)eiΛz + (Λ − Γ)e−iΛz√
Λ2 − Γ2eiΛz −√Λ2 − Γ2e−iΛz
]
,
(A7)
such that the amplitude in the waveguide A after one
beat length is:
xA
(
z =
π
2Λ
)
= i
√
Λ2 − Γ2
Λ
. (A8)
Hence the expression for the coupling efficiency in
Eq. (10) is obtained.
